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SPECIAL BASES FOR SN AND GL(n) 

BY 

CORRADO DE CONCINI* AND DAVID KAZHDAN* 

ABSTRACT 

The special basis in spaces of finite dimensional representation of SN and GL(n) 
is constructed and its properties are studied. 

Introduction 

The reflection representation of the Weyl group W of a semisimple algebraic 

group G can be given a special basis formed by the simple root vectors with 

respect to a Borel subgroup, and in this basis, the matrix expressing the action of 

a simple reflection in W, has a particularly nice form. 

In general, one can ask whether there exist such special bases for arbitrary 

irreducible representations of W. This problem has been discussed in [2], [3]. 

In the case W = SN, the symmetric group on N letters, so that G = SL(N), a 

construction of such a basis is provided by a construction of T. A. Springer [6], 

[7]. 

In the first part of this paper we describe some intrinsic properties of the 

projective basis of Springer, that is to say the set of lines spanned by the vectors 

in the basis of Springer. It can be proved that these properties characterise it for 

N _-__ 6. We conjecture that they characterise a Springer projective basis for 

arbitrary N. 
The second part of the paper poses analogous problems for the rational 

irreducible representations of the general linear group GL(n) over a field of 

characteristic 0. 

Our basic observation is that for both SN and GL(n), the set of rational 

irreducible representations has the structure of a partially ordered set, and by 

taking the product order we can introduce a partial order on the set of rational 

irreducible representations of the groups S,l x . . .  x S,,, G L ( s l ) x . . .  x GL(s,), 

respectively. Suppose now G is a linearly reductive algebraic group, and that the 
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set G of rational irreducible representations of G has a structure of a partially 

ord6red set. Let W be a G-module  and for each tr E t~ let W~ C W denote the 

isotypic component of type tr. Put W ~ = ~) , ,=¢ W~,,, Wg = ~)¢,<¢ W~,, so that 

W ¢ / W g  = W~.  The family {W'},,~o of subspaces of W defines a filtration of W 

by G-stable subspaces indexed by (~. A basis {w~,. . . ,  win} of W is said to be 

G-compatible if, (a) for each cr E t~, W ¢ has a basis given by the vectors in 

{w,,. • -, win} which it contains, and (b) for each tr E t~, given w, E (W ~ - W~) tq 

{w,,. •., w,,} the residue class ff~ of w~ modulo Wg, ff~ generates an irreducible 

G-module  having as a basis the images modulo Wg of some vectors in 

( W  ~ - w ; ) n  { w , , . . . ,  w,}.  

Our results for SN are then as follows. Let t = ( t ~ , . . . ,  t ,) ,  ~=~ t~ = N be any 

non-necessarily ordered partition of N and consider the subgroup S ' =  

S,, × ' "  × S,, C SN. Let U be any irreducible SN module. If we consider U as an 

S' module by restricting the action of SN to S'  then the Springer basis is S '  

compatible. Similarly in the case of GL(n)  we define a basis for every rational 

irreducible GL(n)  module U which has the following property: let s = 

(sl,-- -, s,), E;=I s~ = n, be any non-necessarily ordered partition of n, take the 

subgroup G" = GL(s~)× ". • × GL(s,)  C GL(n)  and consider U as a G" module 

by restricting the action of GL(n)  to G'.  Then the given basis for U is G '  

compatible. 

The paper is divided as follows. Section 1 contains a review of the Springer 

construction as revised in [3]. Section 2 contains the results on the symmetric 

group, Section 3 the results on GL(n).  Finally, the appendix contains a result on 

tensor spaces which is needed in Section 3. 

It is a pleasure to thank George Lusztig for many fruitful conversations. 

§1. Review of Springer construction 

In this section we shall recall some results from [3], [6], [7]. Let X, Y be 

algebraic varieties o~'er C. Let G be a reductive complex algebraic group and let 

be the variety of Borel subgroups of G and ~r : Y---> X be a ~-bundle .  A fibre 

preserving morphism ff : Y---> Y is said to be a unipotent transformation of ~" if, 

for each x E X, the restriction ~b, : ~'-~(x)---~ ~'-t(x) of tk to Ir-t(x) is the map 

induced by a unipotent element in G. We denote by Y* the fixpoint set of ~b. 

Let us restrict to the case in which 17 = SL(2) so that ~ = P~, the complex 

projective line. Let p be a Riemannian metric on Y such that the restriction of p 
on any fibre 1r-~(x) = S 2 is the standard metric on S 2. Let ~" : Y---~ Y be the fibre 

preserving map such that for any x E X, 1- I,,-'~) is the antipodal involution. Let 

Xo = {x E X I ,k, = Id}, Yo = lr-~(Xo). It is shown in [3] how to construct a map 



Vol. 40, 1981 SPECIAL BASES FOR S~ AND GL(n) 277 

g : Y * ~  Y* defined up to homotopy which is an involution of Y* in the 

homotopy category (i.e., it is such that g2 is homotopically equivalent to the 

identity) and such that s I~'o is homotopically equivalent to ~" Ivo. In particular, 

induces an involution on H , ( Y * ) ,  when by H , (  ) we denote rational homol- 

ogy with infinite support (see [1] for definitions), which we denote by s. 

Let dimc Y* = d and let M be an irreducible component of Y*. M is said to 

be vertical with respect to ~r if, given a generic point x E ,r(M), Ir-l(x)O Y* = 

7r-'(x), M is said to be horizontal with respect to ~r if, given a generic point 

x E rr(M), zr-~(x)n Y* consists of a single point. 

Now a basis for H2a (Y*)  is given by the homology classes of the irreducible 

components of Y* of dimension d. 

It is easy to see that if M is such a component and we denote by [M] its 

homology class, we have: 

s [M] = - [M] if M is vertical, 

s[M] = [M] + ~ n(M, M')[M']  if M is horizontal, 

M'  running over the set of irreducible components of Y* other than M. Further, 

n (M, M')_> 0 and n (M, M') > 0 if and only if K = M n M' has codimension one 

in M and ~ ' (M')= ,r(K). 

We recall a lemma which will be useful in Section-2, whose proof follows easily 

using the methods of [3]. 

LEMMA 1.1. Let Y, X be algebraic varieties, X irreducible. Let lr : Y--> X be a 
Pt-bundle, ~ a unipotent transformation of ~r, Y* C Y its fixpoint set, Mr, M2 two 
irreducible components of Y*. Let s be the involution of H . ( Y *  ) defined above. 
Suppose M~ is horizontal and 

s [Ma] = [Mr] + n [M2] + other terms. 

Let • : X---* Z be a morphism of algebraic varieties such that its generic fibre is 
irreducible and ~ * 7r(M~) is dense in Z, i = 1, 2. Let z E Z be a generic point of Z, 
X,  = * - t ( z ) ,  Y2 = ~r-~(X,), Y*,= Y* n Y2, M,., = M, n Y2, i = 1,2. (M2.2 could 

be reducible.) Then. 

(a) Y, is a PI-bundle 
Y, 

X,  

and 0 defines a unipotent transformation ~2 of 7r2 such that (¥2)*, = Y~. 
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(b) MLz is an irreducible component of Y~ and M2,z is a union of irreducible 

components. Also if sz is the involution of H,(Y*~) 

sz ([M~.z ]) = [M,,~ ] + n [M2.~ ] + other terms. 

Let us return to the general case in which 1r : Y ---> X is a ~-bundle,  ~ being 

the variety of Borel subgroups in an arbitrary reductive complex algebraic group 

G and ~0 is a unipotent transformation of ~-. Let B C G be a fixed Borel 

subgroup. For any simple root a relative to B, let P. D B be the parabolic 

subgroup generated by B and U_~. Define ~ to be the variety of parabolic 

subgroups conjugate to P~ and let # .  : ~ ~ ~ be the canonical projection. We 

define an equivalence relation - on Y by putting y - y '  if 7r(y) = 7r(y') and 

7i'o ( y ) =  IL (y'). So if we put Y~ = Y~ ~ we get a commutative diagram 

~r o Y 

X 

where ~-. is a Pl-bundle and 7r" a ~.-bundle.  Further, ~b induces a fiber 

preserving map ~b' : Y. ---> Y.. Let Y~*' be the fixpoint set of ~b'. Then if we denote 

by lr ':  Y'---> Y**" the restriction of 7r. to Y**', 4~ induces a unipotent transforma- 

tion 4~ of It" and Y'*o = Y*. Thus from the above we get homotopy involutions 

s~ of Y*. It can be shown that the s~'s in homology satisfy Coxeter relations so 

that we get an action of the Weyl group W of G on H , ( Y * ) .  
In what follows we shall be mostly interested in the following three cases of 

the above construction, which are fully treated in [3]. In the first case X = {pt} so 

Y = ~ ,  and ~b is induced by a unipotent element u E G. We denote Y* by ~, .  It 

is known [5], [8] that dim ~ .  = d = ½(dim G. - r) where G. is the centraliser of u 

and r is the rank of G, and that every component of ~ .  has dimension d. Now if 

G°~ is the connected component of the identity in G~, the group C. = G . / G  ° acts 

on H2a(~ . )  and the actions of W and C~ commute so we get an action of 

W x C~ on H2~ ( ~ ) .  Notice also that H2~ ( ~ )  has a special basis given by the 

homology classes of the irreducible components of ~. .  G = GL(N),  G. is 

connected, H2~ ( ~ . )  is an irreducible W-module and any irreducible W-module 

can be obtained in this fashion. In this way we construct a special basis for any 

irreducible representation of a symmetric group. We call it the Springer basis. 

In the second case X is the closure 1~ of l l  being a unipotent class II in 

G, Y = ~ x  ~,  ~b : Y---> Y is defined by 4~((u,B))=(u,B~), V(u,B)~ Y. Then 

dim Y* = dim G--~(dim G~ + r ) =  d', u E l i ,  and again every irreducible com- 

ponent of Y* has dimension d'.  This case is completely analogous to the first 
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case since it is not hard to see that H2d. (Y*)=H2a(~u) ,  u ~ ,  as W x  Cu- 

modules. 

In the third case X = F" the variety of unipotent elements in G, Y = F = 

~" x ~ × ~,  ~b : F--~ F is defined as ¢k(u,B~,B2) = (u, B L B ~ )  V(u, B~, B2) ~ F. In 

this case dim F* = 2 dim ~ = d, and again each component of F* had dimension 

d. 

Since the fiber of 7r is ~ x ~ we get an action of W × W0, Wo being the 

opposite Coxeter group to W, and H2d (F*) is isomorphic as a W x Wo module to 

the regular representation Q[W] under the W x Wo-action induced by left and 

right multiplication. 

In particular, the homology classes of the irreducible components of F* give a 

special basis for Q[W]. Further, one can give an explicit one-one correspon- 

dence between components of F* and elements in W, such that if w ~ W and Xw 

is the component of F* corresponding to w, s is a simple reflection in W (resp. 

Wo). Xw is vertical with respect to s if sw < w (resp. ws < w), in the Bruhart 

ordering, horizontal otherwise. 

Finally let P, B C P C G, be a parabolic subgroup of G. Let Wp be its Weyl 

group. We want to give a basis for Q[Wp\ W], Q[Wp\W] being the space of 

Q-valued functions on We \ W. Let us consider the natural map W : W ~ Wp \ W 

which associates to each w ~ W its coset Wpw. • induces an homomorphism 

xIr, :Q[W]---~Q[ Wp \ W] 

defined by putting W,(Sw)= ~*cw) (~ being the delta function). Identify Q[W] 

with H2d (F*). 

LEMmA 1.2. The kernel of ~ ,  is spanned by the classes {[X]}, X an 

irreducible component of F*, such that there exists a simple reflection s ~ Wp for 

which s iX] = - IX]. 

PROOF. Let Se denote the set of simple reflections in We. It is well known 

that we can identify We \ W with the elements w E W such that sw > w for any 

simple reflection s ~ Se. Thus, since the classes {[X]} for which there exists an 

s E Se with s [X] = - [X] are in one-one correspondence with the set of w E W 

such that there exists an s E Se with sw < w, it follows that if U denotes the span 

of those classes, dim U = dim Ker * * .  Thus, it is sufficient to prove U _C Ker W,.  

But let IX] E U. We have 

• ,([x]) = , I , , ( s  [ x ] )  = , I , , ( -  [ x ] )  = - , I , , ( [ X l )  

so ,I , ,  ( [ x ] )  = o. 



280 C. DE CONCINI AND D. KAZHDAN Israel J. Math. 

Now let us consider F~ = ~V x ~ x ~,  ~ being the variety of parabolic 

subgroups conjugate to P, and let $ again denote its unipotent transformation 

(v, P, B ) ~  (v, P°, B °). Consider the canonical projection 

1re : F ~ F e .  

It is clear that ¢r(F*)=F~, so that we get a map z ' ,  :H , (F*)~H, (Fp*) .  In 

particular, since Hzd (F'p) has a basis given by the classes of its components of 

maximal dimension and these images of components of F* we have that 

, r ,  : H2, (r*)--'~ H~a (r~v) is onto. 

COROLLARY 1.3. H2a(F*)ClKerTr ,=Kerqt , .  In particular Hza(F~*)= 

Q[Wp \ W] as a right W module. 

PROOF. X is a component of F* such that [X] E Ker W, if and only if there 

exists s U Sp such that X is vertical with respect to s. This implies dim *re (X) < 

dim X so [X] ~ Ker W,. Vice versa, it is clear that the components of F*~ of 

maximal dimension are in one-one correspondence with the components in F* 

which are horizontal with respect to each s E Se. 

Notice that Lemma 1.2 and its Corollary give a special basis for Q[ We \ W] 

given by the homology classes of the components of F*p of dimension d or 

equivalently by the images of the homology classes of the components in F* 

which are horizontal with respect to each s ~ Sp. 

02. The compatibility of the Springer basis 

From now on we restrict ourselves to the case when G is a product of matrix 

groups. We fix a Borel subgroup B in G for any unipotent conjugacy class 

1~ ~ W/G in G, we denote by ~'n the set of irreducible components of 1) t'l B and 
put r e = 13n'rn. 

We denote by p : ~'~ ~ W/G the natural projection. 

For any parabolic subgroup P of G, P D B we denote by L a Levi subgroup 

of P and by K : P---~ L the natural projection. Let B ~ =daK(P). Then B 2 = B f3 L 

and it is a Borel subgroup of L. 

For any X E r e we consider y0=daK(X) C B 2. It is clear that for any y ~ Yo 

and l E L such that y~ E B 2 we have yt E Yo. Since Y0 is irreducible this implies 

the existence of Y E r L such that Y is an open dense subset of Yo. This 

construction gives us a map X : ~'~ ~ rL. 

For any fl E WIG we denote by An the product ~ x ~,  by $ the canonical 

unipotent transformation on An, and define A = [..Jae•/o An. We will identify 
elements r e with irreducible components of A* (see [3]). 
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Let us now consider F = //" × ~ × ~ with its obvious unipotent transforma- 

tion, which we denote again by @. To each component X of the fixpoint set F ~ 

we associate a unipotent class p ( x ) = l - l E  °l/'/G by letting fl  be the unique 

unipotent class such that I I N p ( X )  is dense in p(X),  p :F---> ~ being the 

projection on the first factor. Let r~  be the set of components of F ~. Then we 

have a natural map ~- : z ~  I "~ induced by the projection h : F---> A on the first 

two factors. By composing z with X we get a map 

X2 : r~---> ~.L. 

From now on we shall concentrate on F and X2 although all our considerations 

will hold verbatim for A and X. 
Let us give another interpretation of the map X2. Let ~ be the variety of 

parabolic subgroups conjugate to P and let 

,.a- : ~ x ~ x ~-.-> ~," x ~ x ~ 

be the canonical projection. Then 7r is a fiber bundle whose fibers are 

isomorphic to P/B = ~L. Let X E ~'~, 3f = It(X). Let (v,/5,/~) E X" be a generic 

point of ,~, I7" = 1r-'(v,/5,/~) N X C lr-'((v,/5,/~)). Let g E G be such tha t /5 '  = 

P, then conjugation by g induces an isomorphism ~ : ~r-~((v,/5,/~))---~ .~L. But 

then ~(I7")= y ,  will be an irreducible component of ~ ,  u = K(os). We put 

x (x) = Y. 

We leave to the reader the easy verifications of the independence of the above 

construction from the choice of g and of the fact that this construction is 

equivalent to that given before. 

Let now a be a simple root for G relalive to B, P~ the parabolic subgroup 

generated by B and U-a, sa E W the simple reflection corresponding to a. Let 

us recall from Section 1 that we have an action of W on H , ( F * )  such that if 

[X] E H2a (F *), d = 2 dim ~,  is the homology class of an irreducible component 

X of F*, either 

sa [X] = - IX] or 

so IX] = IX] + n(X, x', 
X '  

TGB where X'  runs over the set 2 {X}. Further, H2a(F*) with this action is 

isomorphic to Q[W] with its natural left action. 

LEMMA 2.1. Suppose X1, X2 are two components of F ~. Let a be a simple root 

with Pa C e and n (XI, X2, a ) ~ O. Then if x2(X~) = Y~, x2(X2) = Y2 and ~ (resp. 
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(72) is the unique unipotent class in L corresponding to Y, (resp. Y2), we have 

(a) #, D 62, 
(b) (7, = (72 if and only if ~r(X,)= rr(Xz), 

rr : °V x ~ x ~ ---> °V x ~ x ~ being the canonical projection. 

PROOF. (a) Since n ( X j , X , , a ) ~ 0  we have from Section 1 that X, is 

horizontal with respect to a, X2 is vertical with respect to a and if K = X~ fq X2, 

fro (K) = rr, (X2), 7r~ : Y × ~ x ~ ---> °V x ~ .  × ~ being the canonical projection. 

In particular, since P. C P, r r (K)=  rr(X2) and rr(K) is irreducible. Let 

(v,/5,/~) E 7r(K) be a generic point in rr(K). As above let g be such tha t /5 '  = P, 

then if u = 4' (v*), ,b :P---> L being the canonical projection, the unipotent class 

(7,, of u in L, will not depend on the choice of g. Also, since 7r(K)C_ ~-(X,) we 

have ~ D (7.. Since rr(K) = lr(X2) it follows from our previous construction that 

(7. = (72. This proves (a). 

(b) If ~r(X2)= ~(X~) then it is clear that (7, = (72. 

Suppose (7, = (72 = (7. Since ~r(K)= ~(X2) if (v,/~,/~)E 7r(K) is a generic 

point of 7r(K), X2 A ~'-~(~,/5, B)  by our construction will be isomorphic to a 

component Y2 of ~ ,  u E (7. Similarly, if ( ~ , P , B ) E  ~r(X~) is a generic point of 

~r(X,) then X~ N ~r-'(~, P, B) will be isomorphic to a component Y~ of ~, .  But 

by [4] we know d imY~=dimY2,  dim X, = dim X2 and dimlr(X2)= 

d i m X 2 - d i m  Y 2 = d i m X ~ - d i m  Y, =dime ' (X, ) .  Since ~(X2)C ~r(X,) and 

~(X~) is irreducible we conclude ~(X~)= ~r(X2). 

LEMMA 2.2. Suppose X~, X2 are two components of F ~, such that ~r(X,)= 

rr(X2), rr : ~V x ~3 x F8 ---> °V x ~ x ~ being the canonical projection. Let x f fX , )  = 

Y,,  x ffX2) = Y2. Then n (X~, X~, a )  = n ( Y~, Y2, or) for any simple root a such that 

P~CP.  

PROOF. We can reduce to the case when X~ is horizontal with respect to a, 

since if X~ is vertical it follows from our second construction of xffX~) that also 

Y, will be vertical with respect to a. So 

s . [ X , ] = - [ X , ]  and s ~ [ Y , I = - [ Y , ] .  

Assume X~ is horizontal with respect to a, then consider the natural projections 

m, : "V x ,.~ x .~ .--~ ~ x ~,, x ~ ,  ~ ' , :  ~ x  ~,, x ~ . - ,  ~ x  ~ x ~ .  

~r = 7r'o ~-,, rr. is a P~-bundle and the generic fibers of ~r'[ x. (X 0 are irreducible 

since the generic fibers of r [X~ are. So we can apply Lemma 1.1 with 

Z = ~'(X,) = 7r(X~), X = X,, Y = 7r:~(X). So if 15 ~ Z is a generic point of Z 
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and we put ~ ' , = I r - ' ( / 5 ) n X , ,  Y 2 = T r - ' ( P ) n x 2  the lemma implies 

n (X,, X2, a ) = n (17",, 97"2, a ). But by our second construction n (17",, 97"2, a ) = 

n(Y~, Y2, a), so the lemma follows. 

Given our parabolic subgroup P D B we are going to define a preorder on r~ 

as follows. Let X,, X2 6 z ° 2. We set X2<~X~ if ~r(X2) C_ 7r(X~). Notice that if we 

let Y, = x2(X,), Y2 = x2(X2) and ~?, (resp. ~2) be the unipotent class in L 

corresponding to Y, (resp. Y2), then ~2 C_ 61. 

We say X, - eX2  if X~ -<eX2, X2 --<eXl. This defines an equivalence relation on 

~-~ and if we denote by Fe = ~ ' ~ / - ,  the above preorder defines a structure of 

partially ordered sets on Fe. Further, since if X , - e X 2  the components Y, = 

x,(XO, Y2 = x2(X2) have the same associated class ~? of unipotent elements in L 

we get a well defined map z : Fp ~ °VL/L. 

THEOREM 2.3. Let R = H2a (F*) = Q [W], d = 2 dim ~. For each fe ~ Fe 

define 

~r~ = {span in R of the classes [X] I X E re, fe  = re}. 

Then 
(i) The family o]: subspaces { ~ i . } r ~  defines a We-invariant filtration of R, the 

action of We being the restriction of the left action of W. 
(ii) For each fe ~ Fe consider the space Mr~ = ~/~I~<i~ ~K. together with its 

basis given by the elements {#[X]}x~i., /~ :~r~---~MI~ being the quotient 
homomorphism. Then there exists a We-equivariant isomorphism 

h : MI, ~ H2dt,~((~ X ~L )* ) 

where ~7 = z(fe) and d(~)  = d im(~ × ~L) , ,  such that h(/x[X]) = [Y] where 

Y = xz(X) for each X E fp. So Mr, -- MI~ if and only ifr(fe) = z(f'p). In particular, 
Mr, is an absolutely irreducible representation of We. 

PROOF. (i) Let X ~ f e ,  and s~ 6 We. We have by Lemma 2.1 that either 

s, [X] = - I X ]  or s~ [X] = [X] + Ex,~_~xn(X,X',a)[X']. This proves (i). 

(ii) The fact that h is We-equivariant is an immediate consequence of Lemma 

2.2. 

Let us now prove h is an isomorphism. It is sufficient to show that if X, ~eX2, 

x~(X,)= x~(X~) if and only if X~ = X2. But since X~-pX2 we have ~r(X~)= 

~r(X~). Further, since x,(XO = x2(X~), ~'-'(v, P, B)  ~ X, -" ~'-'(v,/5,/~) ~ X~ for 

a generic point (v, P, B ) 6  ~r(X,). This implies X, = X2. The last statement is 

clear. 

Finally, L -- G L ( h , ) x . . .  x GL(h2), h ~ + . . .  + h2 = N and we know that 

h(Mt~) is irreducible, so also is Mrs. 
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REMARK 2.4. If we consider two parabolic subgroups Q D P D B then the 

filtration {~r,}t,~P is a refinement of the filtration {~to}to~%, i.e., each ~fo = 

E%~%*Yr,. In fact, if we consider the natural projections 

z r p : ~ x ~  x ~ x ~  x ~ ,  ~ro : ~ x  ~ x ~- -*  ~ x g t  x ~,  

~-e.o : °//" x ~ x ~ ~ ~,"x ~ x ~  

then ~'o = 1rp.o o ~re, so given two components Xt, X2 of ( ~  x ~ x ~)*,  ~re (X2) C_ 

rre (Xt) implies zro (X2) C_ 7to (X~), hence if X2 -< p X~, then X2 < o X~. It follows 

that for each [o ~ Fo, Mro has itself a filtration by We-invariant subspaces 

{Nr,}r:F,. Further, Nr,/Er;<r, Mr; = Mr,, and Nr, has a basis given by the elements 

of the basis of Mro defined above which it contains. 

Assume now that Q = GL(N) .  Then Wo is the symmetric group SN, We = 

Sh, x • • • × Sh2, h~ + .  • • + h~ = N and U , / L  is in one-one correspondence with 

the set We of irreducible representations of We. Thus if we order  Uc/L by 

putting fY~ => ¢Y~ if fY~ _D ¢Y: we get an ordering on W~. Further, the map 

r :F  e--* U~/L is compatible with the given ordering on Fe and U~/L respec- 

tively. Thus we can restate Theorem 2.3 and Remark 2.4 as follows. 

THEOREM 2.5. Let U be an irreducible Sr~ module over Q. Then there exists a 

basis {u~, . . . ,  u,} of U such that: 

(i) For any partition h = (ha,'" ", h2) of N, if we restrict the action of SN on U to 

S k = Sh, X • . .  X Sh2 and we decompose U as a direct sum ~ h  U~, where U,, is 

the isotopic component of type ~r, then the subspaces Vo = ~]~.~_~ Uo, have a basis 

given by the elements in the basis {u~, . . . ,  u,} which they contain. 

(ii) Let W~ = V,/Y.o,<~ V~,, then the image in W~ of a vector belonging to 

(V~ - Y.,,.<~ V~,) f) {u~, . . ., u~} generates an irreducible S h module o/type tr, which 

has a basis formed by the images in W~ of the elements of (V~ -E~,<,~ Vo,)A 

{u~, ' - ' ,  u,} which it contains. 

§3. A basis for the irreducible GL(n) modules 

Let k be a field of characteristic 0. Let V be a vector space over k, dim V = n, 

choose a basis {e,,. •., en} of V so that we can identify GL(V) with the group of 

n x n invertible matrices with entries in k. Let T be the maximal torus of 

diagonal matrices in GL(V), B the Borel subgroup of upper triangular matrices. 

Let us fix a positive integer N, and consider V ®N, GL(K) acts on V ®N by 

g(v~Q...@ vN)= gv,@.'.@gv, for any g EGL(V). Also SN acts on V ®N by 

(v~®-'-®vN)o"---v~-,~)@..-~)v~-,(N) and it is clear that the two actions 
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commute. In fact, it is a well known fact [9, ch. 4, §4] that EndGL(v)(V ®N) is 

spanned by the symmetric group SN and EndsN(V ®N) is spanned by GL(V).  

Let i = (i,, . . ., i, ), i j + . . . + i ,  = N, be a partition of N consisting of n 

possibly empty parts. Given i we define the weight space 

V~= u E V  ®NIVt= t, 

It is clear that V ~ ' =  ~]~ V~, i running over all possible partitions of N 

consisting of n parts. Also Vi is SN stable. 

We want to study V~ as an SN-module. Vi has a basis consisting of the vectors 

{e,, @" ". ® e,. } with it of the t, 's equal to 1, i2 of the t, 's equal to 2,. •., i, of the 

t~'s equal to n. It is clear that SN acts transitively on this basis. Further, if we 

consider the vector 

= e , Q ' . . Q e , - . . Q e , ~ ' - ' Q e ~  
v v 

i~-times i . -times 

then S' is the stabilizer of ~ in SN. S j = S~, × .  • • × S~., put So = id. This proves 

that V~ is isomorphic as an SN-module to k [S  ~ ISN]. 

Now if we consider SN as the Weyl group of GL(N),  and we fix a Borel 

subgroup B C GL(N). For a suitable parabolic subgroup P D B. We have 

S' = Wp. Let ~ be the variety of Borel subgroups in GL(N),  ~ the variety of 

parabolic subgroups conjugate to P, ~F the variety of unipotent elements in 

GL(V). It follows from our previous results, that if we put Fp = 7/" x ~ x ~,  and 

we let ~b be the obvious unipotent transformation of Fp and Fe + its point set, then 

k [S' \ S~] = H2a [F'e, k), d = 2 dim ~.  Thus, using this isomorphism k [S' \ SN] 

has a basis given by the homology classes of the components of F*p of dimension 

2d. Since V~ is isomorphic to k[S~\SN] this gives a basis for V~ and since 

V ®N = @~ V~ we get a basis for V ®N. 

We are going to study the properties of this basis. Let h = ( h t , . . . , h , ) ,  

h~ + - .  • + h, = n, be a partition of n. Write V = Vh, O "  " "@ Vh, where Vh~ is the 

subspace spanned by the basic vectors {eh,+ .... h._,+~,''',eh,+ .... h,}. Consider the 

subgroup Gh = GL(Vh,) x . . .  × GL(Vh~) C GL(V). 

Fix a partition t = ( t~ , . . . , t , ) ,  t, + . . .  + t, = N, of N consisting of t possibly 

empty parts. Define W, as the span of the tensors vt @" • • @ vN with t~ among 

the oh's in Vh,, t,_ among the v, 's in Vh,," • ', t, among the vh's in Vh,. It is clear 

that V * N =  ~ ,  W, , t  running over all partitions of N consisting of r parts. 

Further, given i = ( i t , ' '  ", i.), if we let t(i)  = (it + ' "  + ih, ,"  ", 

ih,+ .... h. ,+J + " "  + i,), we have V~ C W,o) so that, for each t = (h , ' "  ", t,), W, = 
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~),l>=, Vi. This implies that W, has a basis given by the vectors of the basis V ®~ 

defined above which it contains. 

Now, let us fix t = (t~,'. ", tr) and let us restrict our attention to the i's such 

that t( i)  = t. 
Consider the subgroups S'  = S,, x . . .  x S,, C SN and S i C SN. 

The fact that t(i)  = t implies S ~ C S'. Further, if we consider SN as the Weyl 

group of GL(N)  and we fix a Borei subgroup B we can find parabolic subgroups 

Q D P D B such that Wo = S', Wp = Si. Thus using the construction of the 

previous section we can find a filtration {~Io}Io~Fo of k[SN] by S'  stable 

subspaces each having as basis the vectors in the given basis which it contains. 

Consider now the quotient map ~ : SN ~ S' \SN and let ~b. : k[S~]--* k[S'  \SN] 

be defined by q~,(6w)= 8,(w>, 6 being the delta function. Put 

Z~}o = ~b. (~ro) for each fo E Fo. 

It is clear that the family of subspaces {~}o}to~Fo defines a filtration of k[S'  \SN] 
and that each ~ o  has a basis consisting of the vectors in the given basis of 

k [ S ' \ S  N] which it contains. By identifying Vj and k[S ' \SN]  and using the 

isomorphism given above we can define 

Wlo = ( ~  ~}o C W, for each [o E Fo. 
i 

tq i )= l  

THEOREM 3.1. (i) The family {W~o}1o~F o defines a filtration of W, by G-stable 
subspaces, under the action of G which is the restriction o[ the action of  GL(V)  in 
V ®N. 

(ii) Let Nto = Wto/Y.to<to Wro. Then Nto is an irreducible G-module or 0, and if 
L is the Levi component of  Q, • : 1=o --~ UL/L is the map previously defined at the 
end of §2, then 

"/flo ~ ~/}6 if  and only if z(fo ) = ~'(f ~). 

PROOF. (i) Our statement is an immediate consequence of the definition of 

Wto and Proposition A.1. 

We still have to prove (ii) in Theorem 3.1. Recall that an element of VL/L can 

be thought of as an r-tuple ((j~>>...= =~,,~,> io~ (j~2~...i~z~ ..~,~j, ",v~"~'~'"J~)) of 

ordered partition of h , ' "  ", t, respectively. Since Y.,~.~j~ = E, t, = N, to the above 

r-tuple of partitions we can associate the partition (j~t),... itr~ of N. ~JSr l 

Thus using the map ~-:1=o ~ VL/L we can associate to each fo ~ F o  a 
partition j of N which we shall denote by ~(fo). 

LEMMA 3.2. Let j = ~(fo). Then 
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PROOF. In order to prove our lemma we have to show that in F * =  

(V x .9 x I~ )* there is a component X E fo which is horizontal with respect to 

each simple reflection s E S j. Let "r~ L<N~, r" be defined as in the preceding 

section. 

We claim that it is sufficient to show the existence of a component f" ~ ~.L 

which is horizontal with respect to each simple reflection s ~ SJ and whose 

associated unipotent class is z(fo). In fact, suppose such a Y exists, then, using 

the surjectivity of the map X 2 : ~ ' ~  r L we get the existence of a component 

Y E r~ L~N~ with x2(Y) = f'. Lemma 2.2 implies that Y is horizontal with respect 

to each simple reflection s E S j. Further, Y E [~ with r(f~,) = r~o) .  But then by 

Theorem 2.3 MIo = Mro as S~-modules. This implies the existence of a compo- 

nent X ~ [o with the required properties. 

In order to find our I7" we proceed as follows. By a result of Frobenius [4, 2.24] 

the multiplicity of Mio in k[S'  \S ' ]  considered as a right S' module is one. Using 

our construction we get the existence of a component Z C (0//" L x N i x  Ni)*L 

which is horizontal with respect to each simple reflection s E S ~ and 

whose associated unipotent class is ~'(fo). Put f ' = I r ( Z )  where 
~r : ~L X N L X N 2 ~  o~L X N L is the projection in the first two factors. 

Let us now finish the proof of Theorem 3.1. The above lemma implies that if 

~ o )  consists of at most n parts then Xro ¢ 0. Further, if (~ E ~L IL we have that 

the set ~--~(ff) will contain dim Mro (n !/t~[. • • t, !) elements, fo being any element 

in r-~(6), so if we write, using the linear reductivity of G, 

(3.1) W, = ( ~  X,o, 
IOEFO 

and if we let F~ ~= {re E Fo I ?(fo) consists of at most n parts}, we get that the 
right-hand side of (3.1) will contain at least 

) H = t , !  t~t" ro ~ 'd imMr° 

nonzero factors. On the other hand, putting K = n! / t~! . . ,  t,! we have 

K 

w, @ ® 
i = !  

and it follows from the classical result in [9, ch. 4, §4] that if we decompose W, in 

irreducible G-modules such a-decomposition contains exactly H nonzero 

factors. It follows that each Nro is irreducible or zero, and Xro / 0 if and only if 
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~(/o) consists of at most n parts. The last statement of Theorem 3.1 is clear from 

the above. 

REMARK 3.3. It is not hard to see that if ] = ~(/o) then 

dnm = 1. 
I 

i J 
Also if wl ~}o/Ero<roLeroC X r o, then, if s > t, as, w1 = 0  for any root vector 

as, E g, g being the Lie algebra of G, so wj is a maximal weight vector with 

respect to the Borel subalgebra b C g spanned by the as, E g with s -> t. 

Recall that given an irreducible G-module U then there exists a one- 

dimensional G-module D such that U ® D  is isomorphic to an irreducible 

G-submodule of _.,v ®'' ,~ - ,2  v®'2 ~ " "  ~ V~", for some partition t = (h , ' "  ", t,) of a 

suitable integer N = E;=~ t,. Hence U Q D  is isomorphic to an irreducible 

G-submodule of W, C V ®N, hence to one of the Xfo's. This allows us to 

introduce an ordering on the set 0 of isomorphism classes of irreducible 

representations of G. In fact given ~, tr' E t~ let U be an irreducible G module 

of type ~r, U'  one of type tr', then we set ~r __< o-' if there exists a one-dimensional 

G-module D such that U ~ D  ~-)(Io, U ' ~  D = ~ o  with ~'(fo)= < ~'(]'~,). Using 

this remark and reasoning exactly like that at the end of Section 2 yields 

THEOREM 3.4. Let U be an irreducible GL(V) module. Then there exists a 

basis {m, '"  ", u,} of U such that: 

(i) For any partition h = (h , , . . . ,  h,) of n, if we restrict the action of GL(V) to 

G = GL(Vh,) x . - .  x GL(Vh,) and we decompose U = ~ . ~ o  U, where U. is the 

isotopic component of type or, then the subspaces V. = ~]~,~. U have a basis given 

by the elements in the basis {u~,...,  u,} which they contain. 

(ii) Let W.. = Vo/E~,<~V.,, then the image in W. of a vector in 

(I/ .  - E.,<~ V~,) tq {m," " ", us} generates an irreducible G-module of type tr, which 

has a basis formed by the images in W~ of the elements of (V.  - E.,<o V~,) tq 

{m, " " ", u~} which it contains. 

Appendix 

PROPOSZTION A.1. Let us keep the notations of Section 3 and let ~ C k[SN] be 

a subspace which is S'-stable under the left action of S'. For each i such that 

t ( i ) = t  define L¢' = ~ ( d ) C  k[S'SN]. Identifying k[S~\SN] with V~ put U = 

~) , t o~ ,~  ~ C W,. 

Then U is G-stable, under the action of G which is the restriction of the action of 

GL(V) on V ®N. 
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PROOF. In order to prove that U is G-stable it is sufficient to show that it is 

stable under the action of the Lie algebra g of G. Since U is clearly stable under 

the action of the Cartan subalgebra h, it will suffice to show that the root vectors 

{a .... z} with xmZ~lh,+l<=l<=E~%~h~-l, and {ae-~.~} with ET_--~lhs+2<l < 

ETa, h,, for some 1 < m -< 2, leave U stable. 

In order to do so we need a few elementary remarks of a general nature. Let 

M be a finite group K < H < M subgroups. Let 7rn.K : K \ G ---> H \ G be the 

quotient map. 

We can define 

~bn, r : k[K \M]--.-~ k i l l \ M ]  

by ~bn, r (&) = 8 . . . .  t~) for any x E K \ M ,  6 being the delta function. 

And 

4,"," :k[H\M]-, k[K\M] 

by 4,~'"(8~) = E~.,(y)=~6y for any x E H \ M .  
One gets the following immediate identities whose proof we leave to the 

reader: 

(A.2) ~bn.K4,"" I HI. id, 
=lKI 

(A.3) 4,{'}'nl[/n, le}(T) = ~ 8, .  T 
.sEH 

for any T ~ k [K \ F], 

being the product in k[M]. 

Let S C K C H be another subgroup, then 

(A.4) ¢ . . , ,  o ¢,~.s  = ¢ . . s  ; 4 ,  s . , ,  o 4,  K , .  = 4 ,  ~ , . .  

In particular we get 

(A.5) 

In fact 

1 d, A.{eLH (~ K,H = ~_~]  tVK.{e} tl'l • 

1 4,~*,.n 1 .,..*.t. ' .K~.K,n [KI~K,"" 

Let us return to the proof of our proposition and note that if i = (il," ' ", ih) 

otp.+l V~ = 0 if ip = 0,  

ao,+,V~CV~ with j = ( i , , . . . , i p _ , , i o - l ,  i p + ,+ l , ' " , i . )  if io#O. 
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In the first case there is nothing to prove. 

Suppose we are in the second case. First note that since ap.~+~ ~ g and W, is 

stable under the action of g, t = t(i) = t(j). 

Further, by identifying V~ with k[S i/SN], V~ with k[S ~ \SN] one immediately 

checks that if k = ( i , , . . . ,  i,_,, ip - 1, 1, i,+~,..., i,), a~.p+~ Iv, = 4'sJ.skqb s-'s'. Using 

identities (A.4) and (A.5) we get 

1 t~le},S~" O~p,p+l [ v, = 1 - ~  4'S({e} 

It follows from the definition that ~s,.~,~ = 4'. : k[SN]---> k[S ~ \SN] maps LP onto 

LP i. We claim that 4,te~s'(~')CZP. Let T E ~ ' ,  Y E ~  be such that 4 ' . ( y ) =  

4's,4.r(y) = T, then by (A.3) 

= w [ y ] .  

Since S t C S' and Le is stable under the left S' action this implies ~b t'~'s' (T) E ~. 

Thus if ap..+~ E g, ap.~+~(U)C U. In exactly the same fashion one shows that if 

a..._t E g, a~.._~(U)C U and our proposition follows. 
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