ISRAEL JOURNAL OF MATHEMATICS, Vol. 40, Nos. 34, 1981

SPECIAL BASES FOR Sy AND GL(n)

BY
CORRADO DE CONCINI' AND DAVID KAZHDAN'

ABSTRACT

The special basis in spaces of finite dimensional representation of Sy and GL(n)
is constructed and its properties are studied.

Introduction

The reflection representation of the Weyl group W of a semisimple algebraic
group G can be given a special basis formed by the simple root vectors with
respect to a Borel subgroup, and in this basis, the matrix expressing the action of
a simple reflection in W, has a particularly nice form.

In general, one can ask whether there exist such special bases for arbitrary
irreducible representations of W. This problem has been discussed in [2], [3].

In the case W = Sy, the symmetric group on N letters, so that G = SL(N), a
construction of such a basis is provided by a construction of T. A. Springer [6],
[7).

In the first part of this paper we describe some intrinsic properties of the
projective basis of Springer, that is to say the set of lines spanned by the vectors
in the basis of Springer. It can be proved that these properties characterise it for
N =6. We conjecture that they characterise a Springer projective basis for
arbitrary N.

The second part of the paper poses analogous problems for the rational
irreducible representations of the general linear group GL(n) over a field of
characteristic 0.

Our basic observation is that for both Sy and GL(n), the set of rational
irreducible representations has the structure of a partially ordered set, and by
taking the product order we can introduce a partial order on the set of rational
irreducible representations of the groups S, X---Xx§,, GL(s1) X - - X GL(s,),
respectively. Suppose now G is a linearly reductive algebraic group, and that the
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set G of rational irreducible representations of G has a structure of a partially
ordéred set. Let W be a G-module and for each o € G let W, C W denote the
isotypic component of type o. Put W° = @,'s,, We, Wi =(Do<e Wo, so that
W? W5 = W,. The family {W?},c¢ of subspaces of W defines a filtration of W
by G-stable subspaces indexed by G. A basis {w,," -, w,} of W is said to be
G-compatible if, (a) for each o € G, W° has a basis given by the vectors in
{w1," - -, wn} which it contains, and (b) for each ¢ € G, given w; €(W° — W{)N
{wi, -, wn} the residue class w; of w; modulo W¢, w; generates an irreducible
G-module having as a basis the images modulo W7 of some vectors in
(We=WN{w,y, -, wal

Our results for Sy are then as follows. Let ¢t = (t,,---,t.), {1 & = N be any
non-necessarily ordered partition of N and consider the subgroup S'=
S, X +++ XS, CS8y.Let U be any irreducible Sy module. If we consider U as an
S* module by restricting the action of Sy to S' then the Springer basis is S*
compatible. Similarly in the case of GL(n) we define a basis for every rational
irreducible GL(n) module U which has the following property: let s =
(s1,- -, 8 ), 2i-1 8 = n, be any non-necessarily ordered partition of n, take the
subgroup G’ = GL(s,) X - - - X GL(s,) C GL(n) and consider U as a G* module
by restricting the action of GL(n) to G*. Then the given basis for U is G’
compatible.

The paper is divided as follows. Section 1 contains a review of the Springer
construction as revised in [3]. Section 2 contains the results on the symmetric
group, Section 3 the results on GL(r). Finally, the appendix contains a result on
tensor spaces which is needed in Section 3.

It is a pleasure to thank George Lusztig for many fruitful conversations.

§1. Review of Springer construction

In this section we shall recall some results from [3], [6], [7]. Let X, Y be
algebraic varieties over C. Let G be a reductive complex algebraic group and let
B be the variety of Borel subgroups of G and 7 : Y — X be a #-bundle. A fibre
preserving morphism ¢ : Y — Y is said to be a unipotent transformation of = if,
for each x € X, the restriction ¢, : 77} (x)—> 77'(x) of ¢ to #7'(x) is the map
induced by a unipotent element in G. We denote by Y* the fixpoint set of ¢.

Let us restrict to the case in which G = SL(2) so that B = P', the complex
projective line. Let p be a Riemannian metric on Y such that the restriction of p
on any fibre 77'(x) = §? is the standard metric on S>. Let 7 : Y — Y be the fibre
preserving map such that forany x € X, 7 |,,-n(,) is the antipodal involution. Let
Xo={x€X I ¢, =1d}, Yo= 77'(Xo). It is shown in [3] how to construct a map
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§:Y*—>Y?* defined up to homotopy which is an involution of Y?* in the
homotopy category (i.e., it is such that §* is homotopically equivalent to the
identity) and such that s |y, is homotopically equivalent to 7 |Yo. In particular, §
induces an involution on H,(Y?*), when by H,{ ) we denote rational homol-
ogy with infinite support (see [1] for definitions), which we denote by s.

Let dimc Y* = d and let M be an irreducible component of Y?. M is said to
be vertical with respect to  if, given a generic point x € #(M), # '(x)N Y* =
m'(x), M is said to be horizontal with respect to = if, given a generic point
x €Ew(M), #7'(x)N Y* consists of a single point.

Now a basis for H,,(Y?) is given by the homology classes of the irreducible
components of Y°® of dimension d.

It is easy to see that if M is such a component and we denote by {M] its
homology class, we have:

s[M]= -[M] if M is vertical,
s[M]=[M]+ 2> n(M,M")[M’] if M is horizontal,

M' running over the set of irreducible components of Y?# other than M. Further,
n(M,M')=0and n(M, M')> 0 if and only if K = M N M’ has codimension one
in M and #(M")= #(K).

We recall a lemma which will be useful in Section-2, whose proof follows easily
using the methods of [3].

LemMa 1.1. Let Y, X be algebraic varieties, X irreducible. Let w: Y — X be a
P'-bundle, ¢ a unipotent transformation of m, Y* C Y its fixpoint set, M, M, two
irreducible components of Y*. Let s be the involution of H,(Y?) defined above.
Suppose M, is horizontal and

s[Mi] = [Mi] + n[M.] + other terms.

Let ¥ : X — Z be a morphism of algebraic varieties such that its generic fibre is
irreducible and Vo w(M,) isdensein Z,i = 1,2. Let z € Z be a generic point of Z,
X, =V"'2),Y.=7"(X.), Y{=Y’NY,M.=MNY,i=12 (M., could
be reducible.) Then,
(@) Y. is a P'-bundle
Y.
w,l

X;

and ¢ defines a unipotent transformation ¢, of m, such that (Y.)* = Y?.
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(b) M., is an irreducible component of Y? and M., is a union of irreducible
components. Also if s, is the involution of H,(Y?)

5: ([Mi.])=[Mi.]+ n[M,.] + other terms.

Let us return to the general case in which 7 : Y — X is a 3-bundie, & being
the variety of Borel subgroups in an arbitrary reductive complex algebraic group
G and ¢ is a unipotent transformation of 7. Let B C G be a fixed Borel
subgroup. For any simple root a relative to B, let P, D B be the parabolic
subgroup generated by B and U_.. Define 2, to be the variety of parabolic
subgroups conjugate to P, and let 77, : B — P, be the canonical projection. We
define an equivalence relation ~ on Y by putting y ~y' if w(y)= = (y’) and
o (y) = 7 (y’). So if we put Y, = Y/~ we get a commutative diagram

T Y
v |7
N

X
where m, is a P'-bundle and 7 a ?,-bundle. Further, ¢ induces a fiber
preserving map ¢': Y, — Y,. Let Y?'be the fixpoint set of ¢'. Then if we denote
by wl: Y'— Y the restriction of 7, to Y2, ¢ induces a unipotent transforma-
tion ¢, of 7w/ and Y'* = Y*. Thus from the above we get homotopy involutions
s. of Y*. It can be shown that the s,’s in homology satisfy Coxeter relations so

that we get an action of the Weyl group W of G on H,(Y*?).

In what follows we shall be mostly interested in the following three cases of
the above construction, which are fully treated in [3]. In the first case X = {pt} so
Y = %, and ¢ is induced by a unipotent element u € G. We denote Y* by .. It
is known [5], 8] that dim &, = d =}(dim G, — r) where G, is the centraliser of u
and r is the rank of G, and that every component of %, has dimension d. Now if
G is the connected component of the identity in G., the group C, = G,/G? acts
on H;,(%A.) and the actions of W and C, commute so we get an action of
W X C, on H,4(B.). Notice also that H,,(%.) has a special basis given by the
homology classes of the irreducible components of #,. G = GL(N), G, is
connected, Hz4(%.) is an irreducible W-module and any irreducible W-module
can be obtained in this fashion. In this way we construct a special basis for any
irreducible representation of a symmetric group. We call it the Springer basis.

In the second case X is the closure Q of Q being a unipotent class  in
G Y=O0X®B, ¢:Y-Y is defined by ¢((u, B))= (u, B*), Y(u, B)E Y. Then
dim Y* = dim G —}(dim G, + r)=d’, u €0, and again every irreducible com-
ponent of Y* has dimension d’. This case is completely analogous to the first
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case since it is not hard to see that Hy (Y*)=H,,(%.), u €Q, as W x C,-
modules.

In the third case X =V the variety of unipotent elements in G,Y =I'=
VXBXB, ¢:I'>T is defined as ¢ (u, B,,B,)= (u,B{,B3) V(u,B,,B;)ET. In
this case dimI'* = 2dim & = d, and again each component of I'* had dimension
d.

Since the fiber of 7 is B X B we get an action of W X W,, W, being the
opposite Coxeter group to W, and H,, (I'*) is isomorphic as a W X W, module to
the regular representation Q[ W] under the W X Wi-action induced by left and
right multiplication.

In particular, the homology classes of the irreducible components of I'* give a
special basis for Q{ W]. Further, one can give an explicit one-one correspon-
dence between components of I'* and elements in W, such that if w € W and X,
is the component of I'® corresponding to w, s is a simple reflection in W (resp.
Wao). X, is vertical with respect to s if sw < w (resp. ws < w), in the Bruhart
ordering, horizontal otherwise.

Finally let P, B C P C G, be a parabolic subgroup of G. Let W; be its Weyl
group. We want to give a basis for Q[ W\ W], Q[W;\ W] being the space of
Q-valued functions on W, \ W. Let us consider the natural map ¥: W —- W,\ W
which associates to each w € W its coset Wrw. ¥ induces an homomorphism

¥, :Q[W]-Q[W:\W]

defined by putting ¥, (8.) = v, (8 being the delta function). Identify Q[ W]
with sz (F¢ )

LEMMA 1.2. The kernel of ¥, is spanned by the classes {[X]}, X an
irreducible component of T®, such that there exists a simple reflection s € Wp for
which s[X]= —[X].

PrOOF. Let S; denote the set of simple reflections in Wp. It is well known
that we can identify Wp \ W with the elements w € W such that sw > w for any
simple reflection s € Sy. Thus, since the classes {{X]} for which there exists an
s € Sy with s[X] = ~[X] are in one-one correspondence with the setof w € W
such that there exists an s € S, with sw < w, it follows that if U denotes the span
of those classes, dim U = dim Ker ¥, . Thus, it is sufficient to prove U C Ker ¥, .
But let [X]€ U. We have

Y (XD =Y, G[X]D) =Y (- [XD= -V, (X])
so Y, ([X])=0.
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Now let us consider [, = V"X P X B, P being the variety of parabolic
subgroups conjugate to P, and let ¢ again denote its unipotent transformation
(v, P, B)— (v, P, B"). Consider the canonical projection

7p:F—>Tp.

It is clear that #(I'*)=T}%, so that we get a map 7, :H , (*)—> H,(%). In
particular, since H,,(I'?) has a basis given by the classes of its components of
maximal dimension and these images of components of I'* we have that
74 Haa (T?)— H,i (T8) is onto.

CoroLLARY 1.3. H,y(I*)NKerw,=Ker¥,. In particular H,,(T')=
Q[W,\ W] as a right W module.

PROOF. X is a component of I'* such that [X] € Ker ¥, if and only if there
exists s € Sp such that X is vertical with respect to s. This implies dim 7, (X) <
dim X so [X]€Ker¥,. Vice versa, it is clear that the components of I'¢ of
maximal dimension are in one-one correspondence with the components in ['*
which are horizontal with respect to each s € S,.

Notice that Lemma 1.2 and its Corollary give a special basis for Q[ W\ W]
given by the homology classes of the components of I' of dimension d or
equivalently by the images of the homology classes of the components in I'*
which are horizontal with respect to each s € S,.

§2. The compatibility of the Springer basis

From now on we restrict ourselves to the case when G is a product of matrix
groups. We fix a Borel subgroup B in G for any unipotent conjugacy class
Q€ ¥/G in G, we denote by 7, the set of irreducible components of { N B and
put 7¢ = Uara.

We denote by p : 7° — ¥/G the natural projection.

For any parabolic subgroup P of G,P D B we denote by L a Levi subgroup
of P and by « : P — L the natural projection. Let B>=‘«(P). Then B’°=B N L
and it is a Borel subgroup of L.

For any X € 7€ we consider Y,="'«x(X)C B> It is clear that forany y € Y,
and I € L such that y' € B* we have y' € Y,. Since Y, is irreducible this implies
the existence of Y € 7" such that Y is an open dense subset of Y,. This
construction gives us a map y : 7¢ — 7%,

For any Q € ¥/G we denote by Aq the product {} X 8B, by ¢ the canonical
unipotent transformation on Aa, and define A = Uaevic Aa. We will identify
elements ¢ with irreducible components of A* (see [3]).
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Let us now consider I'= V' X B X B with its obvious unipotent transforma-
tion, which we denote again by ¢. To each component X of the fixpoint set I'*
we associate a unipotent class p(x)=Q € V/G by letting ) be the unique
unipotent class such that QN p(X) is dense in p(X), p:I— ¥ being the
projection on the first factor. Let 737 be the set of components of I'*. Then we
have a natural map 7 : 75— 7° induced by the projection h : T — A on the first
two factors. By composing 7 with xy we get a map

x2:15—>7h

From now on we shall concentrate on I" and y; aithough all our considerations
will hold verbatim for A and y.

Let us give another interpretation of the map y.. Let # be the variety of
parabolic subgroups conjugate to P and let

T VXBXB>YVXPXRB

be the canonical projection. Then =7 is a fiber bundle whose fibers are
isomorphic to P/B = B". Let X € 7%, X = w(X). Let (v, P, B) € X be a generic
point of X, Y = 7w '(v, ,, B)N X C #"'((v, P, B)). Let g € G be such that Pt =
P, then conjugation by g induces an isomorphism ¥ : 7~'((v, P, B))— ®". But
then W(Y) =Y, will be an irreducible component of B%, u = k(v*). We put
xA(X)=Y.

We leave to the reader the easy verifications of the independence of the above
construction from the choice of g and of the fact that this construction is
equivalent to that given before.

Let now a be a simple root for G relative to B, P, the parabolic subgroup
generated by B and U_,, s. € W the simple reflection corresponding to a. Let
us recall from Section 1 that we have an action of W on H ,(I'*) such that if
[X]€ H,4(I'*), d = 2dim %, is the homology class of an irreducible component
X of T'*, either

s[X]=-[X] or
s[X]=[X]+ 2 n(X, X', a)[X],

where X' runs over the set 79 —{X}. Further, H,,(I'*) with this action is
isomorphic to Q[ W] with its natural left action.

LEMMA 2.1. Suppose X,, X, are two components of T'*. Let a be a simple root
with P, C Pand n(Xi, Xz, @) #0. Then if xo(X1) = Yy, x2(X:) = Y, and O, (resp.
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0,) is the unique unipotent class in L corresponding to Y, (resp. Y), we have
(a) 6,20,
(b) 0,=0, if and only if w(X,)= 7(Xy),

T VXBXRB—V XP XRB being the canonical projection.

Proor. (a) Since n(X,,X,,a)#0 we have from Section 1 that X, is
horizontal with respect to a, X is vertical with respect to @ and if K = X, N X,
T (K)= 7 (X)), o : VX B X B — V' X P, X B being the canonical projection.
In particular, since P,CP, w(K)=m(X;) and w(K) is irreducible. Let
(v, P, B) € w(K) be a generic point in 7(K). As above let g be such that P¢ = P,
then if u = ¢(v*), ¢ : P— L being the canonical projection, the unipotent class
0., of u in L, will not depend on the choice of g. Also, since 7(K)C 7 (X,) we
have 0, D 0,. Since 7 (K) = 7 (X.) it follows from our previous construction that
0. = 0,. This proves (a).

(b) If #(X,)= w(X)) then it is clear that 0, = 0,.

Suppose 0,=0,=0. Since w(K)=n(X) if (v, P,B)En(K) is a generic
point of 7 (K), X,N 7 (5, P, B) by our construction will be isomorphic to a
component Y of B%, u € 0. Similarly, if (3, P, B) € w(X,) is a generic point of
(X)) then X, N ~'(4, P, B) will be isomorphic to a component Y, of %,. But
by [4] we know dimY,=dimY, dimX,=dimX, and dim#(X,)=
dim X, —dim Y, =dim X; —dim Y, = dim #(X,). Since #(X,;)C #(X,) and
7 (X)) is irreducible we conclude = (X,)= 7 (X,).

LEMMA 2.2. Suppose X,, X, are two components of I'®, such that w(X,)=
(X)), m: VX B XB— V XP X B being the canonical projection. Let x»(X,) =
Y, x2(X2) = Y. Then n(X,, X5, @) = n(Y,, Y2, a) for any simple root a such that
P,CP.

Proor. We can reduce to the case when X, is horizontal with respect to a,
since if X is vertical it follows from our second construction of x,(X;) that also
Y, will be vertical with respect to a. So

s.[Xi]=—[Xi] and s.[Y)]=-[Y1]
Assume X, is horizontal with respect to a, then consider the natural projections
T i VXBXB—>V XP, X B, TV XP,XBo> YV XP XB.

7 = mlom, m, is a P'-bundle and the generic fibers of 7, | x. (X;) are irreducible
since the generic fibers of r |X1 are. So we can apply Lemma 1.1 with
Z=m(X)=7m(X)), X=X, Y=m.'(X). So if PE Z is a generic point of Z
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and we put Y,=7"'(P)NX,, Y.=#"'(P)NX, the lemma implies
n(X,, X2, a)=n(Y, Y a). But by our second construction n(Y,, Y; a)=
n(Yy, Y, ), so the lemma follows.

Given our parabolic subgroup P O B we are going to define a preorder on 75
as follows. Let X, X, € 75. We set X< X, if 7(X;) C m(X,). Notice that if we
let Y, =yxAX), Y= xa(X2) and O, (resp. 0,) be the unipotent class in L
corresponding to Y, (resp. Y3), then 0.C 0.

We say X, ~» X, if X =, X3, X, =p X,. This defines an equivalence relation on
¢ and if we denote by F, = 75/ ~, the above preorder defines a structure of
partially ordered sets on Fp. Further, since if X,~,X, the components Y, =
x2(X1), Y2 = x»(X,) have the same associated class 0 of unipotent elements in L
we get a well defined map 7: F, —> ¥*/L.

THEOREM 2.3. Let R =H,,(I'"*)= Q[W], d =2dim B. For each fr € Fp

define
&, = {span in R of the classes [ X] ‘ XEfo,fr=fe}

Then

(i) The family of subspaces {¥},};,cr, defines a We-invariant filtration of R, the
action of Wp being the restriction of the left action of W.

(ii) For each fr € F» consider the space M;, = %;,[2;,<;, ;. together with its
basis given by the elements {u[X]}xes» n:%;, — M, being the quotient
homomorphism. Then there exists a Wp-equivariant isomorphism

h: M;,, hd Hz:i(o)((é X %L )¢)

where 0 = 1(fy) and d(0)=dim(€ x B*)*, such that h(u[X])=[Y] where
Y = xAX) foreach X € fp. So My, = My, if and only if (fs) = 7(f»). In particular,
M,, is an absolutely irreducible representation of W,

Proof. (i) Let X € fp, and s. € W,. We have by Lemma 2.1 that either
S« [X]= —[X] or 5.[X]=[X]+Zx<,xn(X, X', a)[X']. This proves (i).

(i) The fact that h is We-equivariant is an immediate consequence of Lemma
2.2.

Let us now prove h is an isomorphism. It is sufficient to show that if X, ~» X,
x2(X\) = x(Xz) if and only if X, = X,. But since X,~»X; we have 7(X;)=
w(X,). Further, since (X)) = x2(Xz), 7#7'(v, P, B)N X, = 7 7'(v, P, B) N X, for
a generic point (v, P, B)€ m(X,). This implies X, = X,. The last statement is
clear.

Finally, L = GL(h,)x---xGL(h,), hy+---+h,=N and we know that
h(M;,) is irreducible, so also is M,
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REMARK 2.4. If we consider two parabolic subgroups Q D P O B then the
filtration {%},};er is a refinement of the filtration {¥,}.cr,, i.€., each &, =
24, ca,, &y, In fact, if we consider the natural projections

T ! VXBXB>V XBXRB, To: VXBXRBoVXAXRB,
Mg VXBXB>VXIXB

then me = mro © 7p, 50 given two components X, X; of (V' X B X B)?, mp (X)) C
me (X1) implies 7o (X,) C 7o (X1), hence if X, =.X;, then X, =, X,. It follows
that for each fo € Fo, M;, has itself a filtration by W,-invariant subspaces
{N}, }y.er,. Further, N;, /2, <;. M;, = M;,, and N, has a basis given by the elements
of the basis of M;, defined above which it contains.

Assume now that Q = GL(N). Then W, is the symmetric group Sy, W, =
Sy, X--+XS,, hy+---+h,=N and U./L is in one-one correspondence with
the set W, of irreducible representations of W,. Thus if we order U./L by
putting 0,2 0, if &, 26, we get an ordering on W,. Further, the map
7:F,— U./L is compatible with the given ordering on F, and U./L respec-
tively. Thus we can restate Theorem 2.3 and Remark 2.4 as follows.

THEOREM 2.5. Let U be an irreducible Sx module over Q. Then there exists a
basis {u,," -, u,} of U such that:

(i) For any partition h = (h,," - *, h2) of N, if we restrict the action of Sy on U to
S§* =8, X---x8,, and we decompose U as a direct sum @,egn U,, where U, is
the isotopic component of type o, then the subspaces V, = @‘,sg U, have a basis
given by the elements in the basis {u,,- -, u.} which they contain.

(ii) Let W, =V, /Z,<, V,, then the image in W, of a vector belonging to
(Vo = Zpco Vo) N {uy, - - -, u,} generates an irreducible S* module of type o, which
has a basis formed by the images in W, of the elements of (V, —2,<, V)N
{uy, - -, u,} which it contains.

§3. A basis for the irreducible GL(n) modules

Let k be a field of characteristic 0. Let V be a vector space over k, dim V = n,
choose a basis {e,, - -, e,} of V so that we can identify GL(V) with the group of
n X n invertible matrices with entries in k. Let T be the maximal torus of
diagonal matrices in GL(V'), B the Borel subgroup of upper triangular matrices.

Let us fix a positive integer N, and consider V®", GL(K) acts on V®" by
g ® - Qun)=gvi®: - gu. for any g € GL(V). Also Sy acts on V®" by
Q- Qun)o =1v,1)® - Qv.~ny and it is clear that the two actions
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commute. In fact, it is a well known fact [9, ch. 4, §4] that Endgyv,(V®") is
spanned by the symmetric group Sy and Ends,(V®") is spanned by GL(V).

Let i =(i, i), ii+---+i, =N, be a partition of N consisting of n
possibly empty parts. Given i we define the weight space

t 0

Vi {uEV ,Vt (0 [

)ET, tu =t';'---ti:u}.
It is clear that VO = @.- Vi, i running over all possible partitions of N
consisting of n parts. Also V; is Sy stable.

We want to study V; as an Sy-module. V; has a basis consisting of the vectors
{e, Q- -&@e,} with i, of the t,’s equal to 1, i; of the t,’s equal to 2, - - -, i, of the
t.’s equal to n. It is clear that Sy acts transitively on this basis. Further, if we
consider the vector

E=e® Qe Rea® Qe
i,-ti‘;nes i, -t;mes
then S* is the stabilizer of &, in Sy. $' =8, X+ X S, put S, = id. This proves
that V; is isomorphic as an Sy-module to k[S’\Sx].

Now if we consider Sy as the Weyl group of GL(N), and we fix a Borel
subgroup B T GL(N). For a suitable parabolic subgroup P 3 B. We have
S' = W,. Let B be the variety of Borel subgroups in GL(N), # the variety of
parabolic subgroups conjugate to P, ¥ the variety of unipotent elements in
GL(V). It follows from our previous results, that if we putI', = ¥ X ? X 3, and
we let ¢ be the obvious unipotent transformation of I'» and T} its point set, then
k[S'\Sx]= H,.[I'}, k), d =2dim B. Thus, using this isomorphism k[S'\Sy]
has a basis given by the homology classes of the components of I'? of dimension
2d. Since V; is isomorphic to k[S'\Sy] this gives a basis for V; and since
veN =D, V. we get a basis for V&,

We are going to study the properties of this basis. Let b =(hy, -+, k),
h,+--++h, = n, be a partition of n. Write V=V, & ---@ V,, where V,, is the
subspace spanned by the basic vectors {€4,+....n,_,+1,* * *» €h,+...+n}. Consider the
subgroup G, = GL(V,,) X - -+ X GL(V,,) C GL(V).

Fix a partition ¢t = (t,,-*-,t,), t;+---+t = N, of N consisting of ¢ possibly
empty parts. Define W, as the span of the tensors v, &Q - - @ vy with ¢, among
the v.’s in V,, t; among the v,’s in Vi, -, t, among the v,’s in V,,. It is clear
that V& =@,W,,t running over all partitions of N consisting of r parts.
Further, given i=(i,,- i), i we let t{i)=(@+ - +iy, ",
in+ny s+ +1,), we have V; C Wy, so that, for each t = (t,,- -+, 1), W, =
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@,m=, V;. This implies that W, has a basis given by the vectors of the basis V®
defined above which it contains.

Now, let us fix £ =(¢,,- - -, ) and let us restrict our attention to the i’s such
that ¢(i)=1t.

Consider the subgroups $* =S, X+ xS, CSy and S' C Sy.

The fact that ¢(i) = ¢ implies S’ C S*. Further, if we consider Sy as the Weyl
group of GL(N) and we fix a Borel subgroup B we can find parabolic subgroups
Q D P D B such that W, = §‘, W, = S'. Thus using the construction of the
previous section we can find a filtration {¥, },er, of k[Sv] by S’ stable
subspaces each having as basis the vectors in the given basis which it contains.
Consider now the quotient map ¢ : Sy — S'\Sy and let ¢, : k[Sv]— k[S*\Sn]
be defined by ¢,(8.)= 84w, 6 being the delta function. Put

Lo =¥ (&,) foreachf, EF,.

It is clear that the family of subspaces {£] };,cr, defines a filtration of k[S*\Sx]
and that each £}, has a basis consisting of the vectors in the given basis of
k[S'\S™] which it contains. By identifying V; and k[S’\Sy] and using the
isomorphism given above we can define

W, = @ £, C W, foreachf, € Fy.
tll")=l

THeEOREM 3.1. (i) The family {W;,},,er, defines a filtration of W, by G-stable
subspaces, under the action of G which is the restriction of the action of GL(V) in
Ve,

(ii) Let Ny, = W, [Z,<s, Ws,,. Then Ny, is an irreducible G-module or 0, and if
L is the Levi component of Q, 7: Fo — U, /L is the map previously defined at the
end of §2, then

No=N,  ifandonlyifr(fo)=r(ft).

ProoF. (i) Our statement is an immediate consequence of the definition of
W, and Proposition A.l.
We still have to prove (ii) in Theorem 3.1. Recall that an element of V. /L can

be thought of as an r-tuple (({"Z-:-Zj9),(? -j9), (G -j) of
ordered partition of ¢,,- - -, f, respectively Smce Smij9 =21 = N, to the above
r-tuple of partitions we can associate the partition (j{,- -+, j¢) of N.

Thus using the map 7:Fp, — V. /L we can associate to each fo EF, a
partition j of N which we shall denote by 7(fo).

LEMMA 3.2. Let j =7(fo). Then
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2/ 3 Lo
f6<fo

PrOOF. In order to prove our lemma we have to show that in I'* =
(VX B XRB) there is a component X € fo which is horizontal with respect to
each simple reflection s € S’. Let 75", 7" be defined as in the preceding
section.

We claim that it is sufficient to show the existence of a component Y € r*
which is horizontal with respect to each simple reflection s €S’ and whose
associated unipotent class is 7(fo). In fact, suppose such a Y exists, then, using
the surjectivity of the map x,: 75— 7" we get the existence of a component
Y € r$“™ with yo(Y)= Y. Lemma 2.2 implies that Y is horizontal with respect
to each simple reflection s € S’. Further, Y € f, with 7(f5) = 7(fo). But then by
Theorem 2.3 M;, = M;_ as S‘-modules. This implies the existence of a compo-
nent X € fo with the required properties.

In order to find our Y we proceed as follows. By a result of Frobenius [4, 2.24]
the multiplicity of M;, in k[S*\S‘] considered as a right $* module is one. Using
our construction we get the existence of a component Z C (%" X &B; X B;)*
which is horizontal with respect to each simple reflection s €S’ and
whose associated unipotent class is 7(fo). Put Y =m(Z) where
T V"X B X B,—> V" X B is the projection in the first two factors.

Let us now finish the proof of Theorem 3.1. The above lemma implies that if
7(fo) consists of at most n parts then N, # 0. Further, if 0 € ¥"*/L we have that
the set 7~'(0) will contain dim My, (n!/t,!- - - t,!) elements, fo being any element
in 77'(0), so if we write, using the linear reductivity of G,

(3.1) W= P Mo
fo€Fo

and if we let F$' = {f, € F, | #(fo) consists of at most n parts}, we get that the
right-hand side of (3.1) will contain at least

n! .
H= Y (f02 dlmeo)

{n)
€FY

nonzero factors. On the other hand, putting K = n!/t!---t! we have
K
W.=a D (VA'® @ VE)
i=1

and it follows from the classical result in [9, ch. 4, §4] that if we decompose W, in
irreducible G-modules such a- decomposition contains exactly H nonzero
factors. It follows that each N, is irreducible or zero, and N}, # 0 if and only if
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7(fo) consists of at most n parts. The last statement of Theorem 3.1 is clear from
the above.

REMARK 3.3. It is not hard to see that if j = 7(fo) then

aim#,/ > 2,1
16<fo
Also if w; E$;O/E,b<,o$;é,c Ny, then, if s >t a,w; =0 for any root vector
a, € g, g being the Lie algebra of G, so w; is a maximal weight vector with
respect to the Borel subalgebra 5C g spanned by the a, € g with s = 1.
Recall that given an irreducible G-module U then there exists a one-
dimensional G-module D such that U @ D is isomorphic to an irreducible
G-submodule of Vf" ® Vﬁ"®~ ® V?f" for some partition t = (¢,,-+,t,)of a
suitable integer N =2,_,f. Hence U Q D is isomorphic to an irreducible
G-submodule of W, C V®" hence to one of the ¥,’s. This allows us to
introduce an ordering on the set G of isomorphism classes of irreducible
representations of G. In fact given o, 0’ € G let U be an irreducible G module
of type o, U’ one of type o', then we set o = o’ if there exists a one-dimensional
G-module D such that U @ D = N, U'® D = N, with 7(fo) = 7(f o). Using
this remark and reasoning exactly like that at the end of Section 2 yields

THEOREM 3.4. Let U be an irreducible GL(V) module. Then there exists a
basis {u,- -+, u.} of U such that:

(i) For any partition h = (h,,- - -, h,) of n, if we restrict the action of GL(V)) to
G =GL(V,) X - - X GL(V,,) and we decompose U = @aeﬁ U, where U, is the
isotopic component of type o, then the subspaces V,, = @,,fg,, U have a basis given
by the elements in the basis {u,,- -, u,} which they contain.

(ii) Let W,=V,/Z,.,V,, then the image in W, of a wvector in
(Vo —Z0<o Vo) N {uy, - - -, u,} generates an irreducible G -module of type a, which
has a basis formed by the images in W, of the elements of (V,~Z2,.,V,)N
{uy, -+, u} which it contains.

Appendix

PROPOSITION A.l. Let us keep the notations of Section 3 and let £ C k[Sx] be
a subspace which is S'-stable under the left action of S'. For each i such that
t(i)=1t define L' = ¢, (d)C k[S'Sx]). Identifying k[S'\Sx] with V, put U =
Do L' C W..

Then U is G-stable, under the action of G which is the restriction of the action of
GL(V) on V®~.
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ProoF. In order to prove that U is G-stable it is sufficient to show that it is
stable under the action of the Lie algebra g of G. Since U is clearly stable under
the action of the Cartan subalgebra h, it will suffice to show that the root vectors
{a...;} with 273 h, +1=1=37,h,—1, and {@.-;.} with "' h +2=I=
2z h,, for some 1=m =2, leave U stable.

In order to do so we need a few elementary remarks of a general nature. Let
M be a finite group K < H <M subgroups. Let 7y« : K\G — H\G be the
quotient map.

We can define

Yuk: k[K\M]—* k[H\M]
by Yk (8:) = 8.y, fOr any x € K\ M, 8 being the delta function.

And
o*"  k[H\M]— k[K\M]

by ¢“"(8,) = 2., »)-x 8, for any x € H\M.
One gets the following immediate identities whose proof we leave to the

reader:
(A2) st =1 g,
IK|
(A3) &MY (T)= D, 8,-T  forany TEK[K\T),
SEH

being the product in k[M].
Let S C K C H be another subgroup, then

(A.4) Yuk °Pxs = Ynus Ko *H = 1.

In particular we get

(AS) R e

In fact

__1_ {eL.H __1. {e}.K  KH _ K KH
|K|¢K“"¢ _|K|'j"‘""¢ ¢ =K o
Let us return to the proof of our proposition and note that if i = (iy, -, i)
Ao Vi=0 if i, =0,

@y ViCV, with j=(ir, s iporyip = 1, ipsr+ 1,0, 0n) if i, #0.
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In the first case there is nothing to prove.

Suppose we are in the second case. First note that since a,,.,€g and W, is
stable under the action of g, ¢t = t(i) = t(j).

Further, by identifying V. with k[S*\Sx], V; with k[S’\Sx] one immediately
checks that if k= (iv, ooty by = 1, 1, dpusy = * "y in)s @ppss |y, = Wsisr > Using
identities (A.4) and (A.5) we get

1 ;
Ap.p+1 IV: = lsk ' ¢3’~(¢}¢m'5 .

It follows from the definition that @si; = ¢, : k[Sv]— k[S?\Sx] maps & onto
Z'. We claim that ¢'**(£)C L Let TE¥', Y EZ be such that y,(y)=
Ysiey(y)=T, then by (A.3)

¢ )= 2 8y = 2 wlyl
weES weES

Since §* CS* and £ is stable under the left S* action this implies ¢ '“"*'(T) € £.
Thus if a,,+1 € g, a,,.(U)C U. In exactly the same fashion one shows that if
-1 €8, a,,(U)C U and our proposition follows.
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